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ABSTRACT. Paradoxical sets, which are a natural generalization of the type
of sets made famous as Hausdorff-Banach-Tarski paradoxes, are defined in
terms of piecewise translations. Piecewise translations are the generalization
to arbitrary discrete groups of the maps used in the Banach-Tarski para-
doxes as congruences by finite decomposition. A subset of a group is
defined to be large if finitely many translates of it can cover the group. The
main result of this paper is that a group is amenable if and only if it does
not contain a large paradoxical set.

1. Introduction. A Banach measure on a group G is a finitely additive,
nonnegative, translation invariant measure which is defined for every subset
of G. A group on which a Banach measure can be defined is called amenable.

Stefan Banach [1] showed that R, the additive group of real numbers, is
amenable. von Neumann [2] observed that the same proof shows that any
Abelian group is amenable. Hausdorff [3] constructed subsets of the 2-sphere
which are simultaneously one-half the sphere and one-third the sphere.
Starting from this paradox, Banach and Tarski [4] showed that any two
bounded subsets of E3 with nonempty interiors are congruent by finite
decomposition. Two sets A and B are defined to be congruent by finite
decomposition if each can be written as the disjoint union of n subsets such
that the ith subset of A is congruent to the ith subsetof Bfori=1,2,...,n.
It is clear that if 4 and B are subsets of an amenable group G and are
congruent by finite decomposition, then the measures of 4 and B are equal.

Thus Banach and Tarski showed that a Banach measure cannot be defined
on the group of isometries of E>. von Neumann [2] pointed out that these odd
sets constructed by Hausdorff, Banach, and Tarski depend on the existence in
the group of isometries of E> of a free subgroup on two generators. The
natural question then is: if a group G does not contain a free subgroup on
two generators, is G amenable? This question is yet unanswered. Another
question one might ask is: does every group which fails to be amenable
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366 JON SHERMAN

contain a paradoxical set of the Banach-Tarski type, or can amenability fail
in some other way? We prove in this paper that if the notion of paradoxical
set is suitably generalized, then a group is amenable if and only if it does not
contain a “large” paradoxical set. The word large is needed here, since there
are amenable groups with paradoxical sets which can consistently be assigned
measure zero.

2. Piecewise translations and paradoxical sets.
DEFINITION 2.1. A piecewise translation of a subset 4 of a group G is a
function f: A — f(A) such that

n
A=\J 4, whered,n A4, =3 ifi+#j;
i=1
and
f(a) = aq;a foralla € 4,
oA, N A, =B ifi #j.

We have identified piecewise translations with translations on the left. To
be completely general we should also define right piecewise translations and
two-sided piecewise translations. In Definitions 2.4 and 2.8 we will define
paradoxical sets in terms of piecewise translations and proceed with the proof
of the main result of this paper: that if a group does not contain such a
paradoxical set, then it is amenable. Since not containing a paradoxical set by
left piecewise translations is a weaker hypothesis than not containing a
paradoxical set by general piecewise translations (left, right, or two-sided), we
prove a slightly stronger theorem as well as gain some simplicity by working
only with left piecewise translations.

THEOREM 2.2. (1) A piecewise translation is a 1-to-1 function.

(2) If f: A > B is a piecewise translation, then f~': B — A is also.

(3) The composition of piecewise translations is again a piecewise translation.

(4) The relation B = f(A), where f is a piecewise translation, is an equivalence
relation on the subsets of G.

(5) If B = f(A), where f is a piecewise translation, then A and B have the
same measure on any Banach measure defined on G.

(6) If f is a piecewise translation of S, then its restriction to a subset T C S is
a piecewise translation of T.

PRrROOF. These statements are all obvious.
DEFINITION 2.3. A set S C G is large if there exist piecewise translations

Sisfp - - - » f, such that

G = U £(S).

i=1



A NEW CHARACTERIZATION OF AMENABLE GROUPS 367

It is easy to see that this is equivalent to the existence of finitely many
elements x,,x,,...,x, of G such that the translates x;,S cover G (i.e.,
G c U7 xS).

It also follows easily from this definition that if 4 ¢ B and A4 is large then
B is large.

DEFINITION 24. A set S C G is n + l-into-n if there exist piecewise
translations f.f,, . . ., f,,,and gy, . . ., g, such that

n+1 n

U £(S) c lg.~(S)

i=1 i=

and
(S)Nf(S) =9 fori#j.

DEFINITION 2.5. A set E C G is a A-set of the set S C G if there is a
piecewise translation f such that f(S) C S and E = S — f(S).

THEOREM 2.6. The following conditions are equivalent:

(1) G contains an n + 1-into-n.

(2) G contains a 2-into-1.

(3) G contains a set S and a A-set E of S such that S C U [, f(E), where
Ji» - - ., f, are piecewise translations.

THEOREM 2.7. The following conditions are equivalent:
(1) G contains a large n + 1-into-n.

(2) G contains a large 2-into-1.

(3) G contains a large A-set.

PROOF OF THEOREMS 2.6 AND 2.7. We will prove that 3=2=1=3 for
both Theorems 2.6 and 2.7.

3=2 Assume E =S — f(S), where (S)c S and S Cc U ., 8(E),
where f and g,,g,, . . . , g, are piecewise translations. Then f%(S) C f(S). Next
let E, = f(S) — fA(S). In this way define E, = f~(S) — fi(S) for i =
I,...,n.LetE, = E. ThenE, N E; = Jif i #j, and

U, E C LJ] [f7XS) = fi(S)] € S = f*(S).
Since S ¢ U 7., g(E) and E, = f'"!(E)), it follows that we can define a
piecewise translation # such that A(S) Cc U 7., E;. Then f*(S) U K(S) C S
and f*(S) N A(S) = . Thus S is a 2-into-1.

If E is large, then, since E C S, S is large, and thus S is a large 2-into-1.

2 = 1. This is true because a 2-into-1 is by definition an » + l-into-n.

1 = 3. Suppose that U7 £(S) c U 7., g(S), where f(S) N HS) =3 if
i # j and the f; and g, are piecewise translations.
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Let S’ = U "_, g(S) and define a piecewise translation 4: S’ — S’ by
h(2i(S)) = figi '(&1(S)) = £i(S),
h(g(S) — &i(S)) = fr85'(8AS) — &:(S)) C foS),
h(g5(S) — 8(S) — &(S)) = £:85 1(85(S) — 8(S) — £:(S5)) C £(S),

h(8,(S) = 8,-1(S) — - - —&($))

= 1,87 (8.(S) — 8,-1(S) — - - - —&(S)) C£(S).
Then

n+1

h(S") C Uf(S)C Uf(S)C Ug.(S)

i=1
and
E=S8"—h(S)D f1:(S)

It is easy to see that S’ C U 7., g£,31(f,+1(S)), and since f,, (S) C E it
follows that there exist piecewise translations e, ..., e, such that S’ C
"_, e(E). We already know that if 4 is large and 4 C B then B is large.
Thus if we are given that S is large, then it follows that E is large, since
fHn(S)CE O
DEFINITION 2.8. We say that a group G contains a large paradoxical set if
for some cyclic group C, the direct sum G X C, contains a large 2-into-1.

THEOREM 2.9. If G contains a large paradoxical set, then G is not amenable.

PROOF. If S is a large 2-into-1 in G X C,, then f,(S) U f(S) C g(S) and
£1(S) N f,(S) = & implies that 2u(S) < u(S) for any Banach measure p.
Thus u(S) = 0. But since S is large, G X C, C U ., h(S). Thus m - u(S) >
1.

This contradiction shows that G X C, is not amenable. Since it is well
known that the group 4 X B is amenable if 4 and B are, and that C, is
amenable, it follows that G is not amenable. []

3. Definition of upper and lower measures.

DEFINITION 3.1. If A,B C G, then we say m X A C n X B if there exist
piecewise translations fy.f, ...,f, and g,...,g, in G X C; for some
sufficiently large s such that

Uf(A)c Ug.(B)CGXC

i=]1
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and
' f(A) N f(A) =D ifi+).

THEOREM 3.2. If A, B, C, C G, then:

M Ifny X AcCm X Bandn, X A C m, X B, then
(n, + n)) X 4 c (m; + my) X B.

2 Ifn X ACmX B, thenpn X A C pm X B.

B)IfnXxACmXBandm X B Cr X C,thenn X A Cr X C.

@ IfnxX A, Ccm X Bandn X A, C m, X B, then
nXx(4,U A4,) C(m + my) X B.

S)Ifny X ACmXByandny, X A C m X Byand B, N B, = &, then

(n, + n)A C m X (B, U By).

ProOOF. These are all obvious consequences of Definition 3.1.

DEerFINITION 3.3. If A C G we say A > 1/n if G C n X A. Equivalently,
A > 1/n means there exist n piecewise translations f, ..., f, such that
G C U - fi(4)

DErFINITION 34. If A C G we define the set of positive numbers L, as
follows:

aeLyifa=1/n+1/ny+--- +1/n,

and

k
A= 4, whered, N4, =D ifi*j and 4, > 1/n,

i=1
We call L, the set of lower bounds of 4.

THEOREM 3.5. If G contains no large paradoxical sets, then L, is bounded
above and sup L, < 1 for every A C G.

PROOF. Assume a € L, for A C G and that a > 1. Then a = 1/n,
+---+1/m and A= U A4, where 4, > 1/n, and 4, N 4, =3 if
i #j. Then

GcnmXA fori=1,2,...,k. 0))
Letp=n,-ny,- - -+ -n,. Thenpa=p/n, + - - - +p/n. >p. We are going
to show that if s is any positive integer greater than pa, then G X C, contains
a large n + l-into-n. Therefore choose a positive integer s > pa. Then by
hypothesis, G X C, contains no large 2-into-1. From (1) and Theorem 3.2, it
follows that p/nm;, X G C p X 4, fori =1,2,..., k. Thus, by Theorem 3.2,
we have (B¥_,p/n) X G cp X A. But =*_, p/n, = pa. Thus pa X G C p
X A,and sincep X A C p X G, we havepa X G C p X G, where pa > p.
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Therefore G is a large n + l-into-n in G X C, and it follows from
Theorem 2.7 that G X C, contains a large 2-into-1. This contradicts our
assumption that G contains no large paradoxical set and shows that sup L,
< lforeveryd Cc G. O

It is interesting to note that if G contains a large paradoxical set, then
sup L, is unbounded for all large sets. To prove this, note that a group G
contains a large 2-into-1 if and only if G is a large 2-into-1. Then if 4 is a
large subset of G and G X C, is a large 2-into-1 for some n, then 4 covers
G X C,. But the same number of images of 4 also cover 2 X (G X C,) and
4 X (G X C,)and 8 X (G X C,), etc.

DEFINITION 3.6. If G does not contain a large paradoxical set, we define a
lower measure u(A4) = sup L, for every A C G, where u(4) =0if L, = &.

THEOREM 3.7. If G is a group which does not contain a large paradoxical set,
then the lower measure y satisfies the following conditions:

(1) p(A4) < 1 forevery A C G.

(2) m(f(A)) = u(A) for every A C G and every piecewise translation f.

(3) K(G) = 1.

4 w4 U B)>uAd)+ w(B) for ALBC GwithAn B=0.

Proor. Statement (1) is a consequence of Theorem 3.5. Since 4 > 1/n
means that G = U 7_, f(4), where f,, ..., f, are piecewise translations, it
follows that g(4) > 1/n for any piecewise translation g. Thus if a € L, then
a € Ly, This proves (2).

To show (3) we observe that G = G. Thus 1 € L;, and from Theorem 3.5
we havesup L; < 1. Thussup L; = 1.

To prove (4), suppose a € L, and B € Ly. Then A = U ¥_, 4,, where
A; > 1/n, ANA =0 if i#jand a=3%_,1/n; and B= U ., B,
where B, > 1/m;and B, N B;=Jifi+#jand B =2|_,1/m.Then4 U B
= U140 (Ui, B).

Thusa + B € L, ,pandsup L, ,5 > a + B. Since a and B are arbitrary
elements of L, and L, it follows that

sup L, ,g 2 supL, +sup L. [

DEerINITION 3.8. If 4 € Gwesay that A < 1/nifn X A CG.A<1/nis
equivalent to the existence of n piecewise translations f;, . .., f, such that
U7-1 f(4) C G and f(4) N f(A) = Difi #j.

DEFINITION 3.9. If A C G we associate with A4 the set of positive numbers
U,, the set of upper bounds of A: U, = {a:a =3k_, 1/n,and 4 = U ¥_, 4,,
where 4, < 1/n;}.

DEeFINITION 3.10. If G is a group which does not contain a large paradoxical
set, then we define an upper measure j(4) = inf U,, for every 4 C G.
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THEOREM 3.11. If G is a group which does not contain a large paradoxical set,
then the upper measure ji satisfies the following conditions:

HG) =1

(2) i(f(A4)) = p(A) for every A C G and every piecewise translation f.

B) (A U B) < g(A) + (B) for A,B C GwithAnN B=0.

(4) p(4) < i(B) if A C B.

PROOF. (1) Suppose there is an a € U; with a < 1. Then G = U ¥_, 4,

with 4, < 1/n,and a = 3%_, 1/n, < 1. Thus n, X 4, C G for i = 1,.:1, k.
Let P=n,-n,-ny- - - - -n,. Then, by Theorem 3.2,
((P/n)-n)x A, CcP/nXG fori=1,2,...,k.
Thus
PXA, CP/nXG fori=12,...,k.
Then

k k
PxU4cSP/nxG
i=1 i=1
follows from Theorem 3.2.

Since U*_, 4, = G and 3*_, P/n, = Pa < P, this implies P X G C Pa
X G, where P > Pa.

Thus G is a large n + l-into-n in G X C, for some s. Then we know from
Theorem 2.7 that G X C, contains a large 2-into-1 and therefore G contains a
large paradoxical set. This contradiction shows that for every a« € U;, a > 1.
Since G C G, we have 1 € U; thusinf U; = 1 and ji(G) = 1.

The proof of (2) is a simple consequence of the fact that the property
A < 1/n is by definition invariant under piecewise translation.

To prove (3), assume that « € U, and 8 € Uy. Then 4 = U ¥_, 4,, where
A; < 1/n, and B= U ‘_, B, where B, < 1/m, and a =3%_,1/n, and
B =23, 1/m.Then

AuB=(Ll_(JA,~)u(L’JB,~),

i=1 i=]1

where 4; < 1/n; and B; < 1/m;. Thus

ko1 |
.~§17i+.§17n—,~=a+ﬁeu“”'

Thus inf U, , 5 < a + B. Since a and B were arbitrary elements of U, and
Uy, it follows that inf U, , ; < inf U, + inf Up.

To prove (4) we first observe that if 4, C B;and B; < 1/n,, then 4, < 1/n,.

Now suppose a € Uy and A C B. Then B = U *_, B,, where B; < 1/n,
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and a =3*_,1/n. Then let 4, =A N B. Hence 4, < 1/n, and 4 =
U %_, 4;; therefore a € U,, and so inf U, < inf Ug. [

One may observe that if G contains a large 2-into-1, then inf Ug; = 0.

THEOREM 3.12. If G does not contain a large paradoxical set, then [_.L(A) <
i(A) for every A C G.

The point of this theorem is to show that if G does not contain large
paradoxical sets, then there is always room between the lower and upper
measures to assign a Banach measure. The upper and lower measures of a
subset of G are forced by the conditions of finite additivity and translation
invariance, and if there is no room between them, then amenability fails. If in
fact G contains a large 2-into-1, then this does fail in the wildest possible way,
since u(G) = o0 > p(G) = 0.

PRrOOF. Suppose sup L, > inf U,. Then there exist a = =¥_, 1/n, € L,
and B=3/_,1/m € U, witha >B.Thend = U, 4,4,nA4 =03 if
i#j;and 4= U ., B, withGcn X4 fori=1,...,kand m X B, C
Gfori=1,...,t Let Q =1I., n; and P = IT;_, m;. Then ((QP/m) - m)
X B;C QP/m; X G for j=1,...,¢t; and QP/n; X G C ((QP/n) - n) X
A, for i=1,...,k. Thus QP/n, X G C QP X A; for i=1,...,k; and
oP xBjcQP/mjx Gforj=1,...,¢t

Thus (Sf., OP/n) X G C QP X A and QP X A C (T}, QP/m) X G.
Then QPa X G ¢ QP X Aand QP X A C QPB X G. And so QPa X G C
QPB X G.If a > B, this implies that G contains a large paradoxical set. Thus
a < Bandsup L, < inf U, and w(4) < (4). O

4. Rational sets.

DEFINITION 4.1. If G is a group with no large paradoxical sets, then a subset
A C G is a rational set if u(4) = p(A).

For rational sets 4 we set u(4) = u(4) = g(A).

THEOREM 4.2. If A and B are rational subsets of a group G with no large
paradoxical set and A N B = &, then A U B is a rational set and p(A U B) =

w(A4) + p(B).

PROOF. u(4 U B) > u(A) + p(B) = [{(4) + fi(B) > (A U B). Thus (A
U B) > g(4 U B). But u(4 U B) < (A U B). Therefore (4 U B) = (4
U B) and 4 U B is a rational set with p(4 U B) = uw(4) + w(B). O

THEOREM 4.3. If A is a rational set, then so is f(A) for any piecewise
transiation f, and p(f(A)) = w(A).

Proor. This follows from Theorems 3.11 and 3.7.
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THEOREM 4.4. On the collection of rational subsets of G, where G contains no
large paradoxical set, the set function p is finitely additive and piecewise
translation invariant with p(G) = 1.

Proor. This is a consequence of Theorems 3.7, 3.11, 4.2, and 4.3.

5. Rational functions and nonnegative linear functionals. We have now
shown that if G is a group without large paradoxical sets then we can define a
finitely additive, piecewise translation invariant set function p on the collec-
tion of rational subsets of G such that u(<) = 0 and w(G) = 1. (It is clear that
& and G are rational sets.) We now wish to extend this set function to a
measure on every subset of G. For the rational sets 4 C G we have u(4) =
fi(A), and thus there is no choice but to choose p(4) = w(4) = ji(4). How-
ever, if A is not rational, then u(4) < ji(4), and we have infinitely many
choices for p(A4). To make these choices consistently we wish to use a
variation of the Hahn-Banach extension theorem. To that end we make the
following definitions:

DEerFINITION 5.1. Let V be the vector space generated by characteristic
functions x, of subsets 4 C G. Then, if f € V,

n
f= _21 X4,
i=

where ; ERand 4, C G.
Let M be the subspace of V generated by the characteristic functions of
rational subsets of G. If f € M, then
n
f= 21 X4,
i=
where o; € R, and 4; are rational subsets of G.

DEFINITION 5.2. We want to define a linear functional A on M as follows. If
f € M and

n
f= ‘21 X4,
where A, is a rational subset of G fori =1, 2, ..., n, then
n
ASf) = ’gl o; - p(4;)-

We need to show that this is a proper definition, i.e., that }_, a; - p(4,) is
well defined. The remainder of this section will be devoted to proving that we
can define a linear functional this way.

DEFINITION 5.3. A piecewise isomorphism is a one-to-one function e¢:
G’ G’ such that if f is a piecewise translation of a subset 4 C G, then
f/(x) = ¢fp~(x) is a piecewise translation of p(4) C G'.
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THEOREM 5.4. If : G — G’ is a piecewise isomorphism, and G’ is amenable,
then G is amenable.

PROOF. Suppose m’ is a Banach measure on G’. Then define m(4) =
m'(gp(A4)) for every A C G. Then m is a Banach measure on G:

(1) m(G) = m'(e(G)) = m'(G') = 1.

) If A N B =, then
m(A U B)=m(e(4 U B)) = m'(p(4) U 9(B)) = m'(p(4)) + m'(¢(B)),
since (4) N ¢(B) = .

(3) If f is a piecewise translation,

m(f(4)) = m'(p(f(4))) = m'(f(p(4))) = m'(9(4)) = m(4),

where f* = @fp ™! is a piecewise translation of p(4) c G. [

THEOREM 5.5. If ¢: G — G’ is a piecewise isomorphism and G contains a
2-into-1 (resp., large 2-into-1), then G’ contains a 2-into-1 (resp., large 2-
into-1).

PROOF. Suppose f,(4) U f,(4) C A and f,(4) N f(4) = &, where f, and f,
are piecewise translations. Then f] = ¢f,¢ ! and f; = ¢f,p ! are piecewise
translations, and

filp(4) U £i(9(4)) C 94 and fi(e(4)) N f3(9(4)) = B.

If 4 is large, then G C U 7_, g(4), where the g; are piecewise translations.
Then G’ c U 7_, g/(9p(4)) and the g/ = ¢g,p ' are piecewise translations.
Thus @(A4) is large in G’. [

THEOREM 5.6. If o: G — G’ and : H — H' are piecewise isomorphisms, then
sois@ X y: G X H— G’ X H’ defined by

¢ X Y(g-h) = p(g)¥(h)
Jor every gh € G X H,withg € G, h € H.

ProOOF. If f: S — f(S) is a piecewise translation on G X H, then S =
".14; and f(S) = U 7., a;4,;. Each a; = B;e; where B8, € G and ¢, € H.

im=]

Then let f': @ X Y(S) = @ X Y(f(S)) be defined by
fx)=oxy-f(px¥)'(x)
forevery x € S’ = @ X Y(S).If (a, b) = (p X ¥)"'(x) € G X H, then
f(x) =@ X y-fla,b) = ¢ X Y(Ba, &b) = ¢ (Ba)y(&b).

The 1-to-1 function f’(x) is a piecewise translation on S’ C G’ X H' if and
only if the set of translates { f'(x) - x ~': x € S’} is finite. This is just the set
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{(P(Bia)tlf(e;b) [o % xp(ab)]": abe S }

= {e(Ba)[9(a)] " W(eb)[¥(b)] :ab E S }.
Let
75(A4;) = {a € G: (a,b) € A4}
and
7y(4;) = {b € H: (a,b) € 4,;}.
Define a translation f; on 7;(4,) by f(a) = B;a; and a translation A; on 7,(A,)
by A(b) = gb. Then both {gf(a) - [p(@)]™": a € n(4)) and (yh(b)-
[¥(B)]™': b € my(4;)} are finite or, equivalently, {@(Ba) - [p(a)]™': a €
75(A;)} and {Y(gb) - [Y(b)] " ': b € my(A4,;)} are finite fori = 1,2, ..., n.
Then

n

U {o(Ba)-[9(a)] ":a € 75(4))} = {9(Ba)-[9(a)] ": a € 75(S)}

i=1

and

n

U {¥(eb) - [9(8)]7": b € mu(4))} = {¥(eb) - [¥(6)] "+ b € my(S)}

i=1

are finite. Thus

[{e(Ba) ] @(a)] " ¥(eb)[(b)] " ab € S }|
< l{(p(B,.a)[tp(a)]_': a€ WG(S)}I
{w(ed) - [w(8)]7": b € 7y (5))| < oo
Thus f’ is a piecewise translation of ¢ X Y(S) to ¢ X Y(fS) in G’ X H'.
Since it is clear that ¢ X ¢ is 1-to-1 and onto, it follows that ¢ X ¢ is a
piecewise isomorphism. []

COROLLARY 5.6". If @ is a piecewise isomorphism from G to G’ and h is any
1-to-1 function from the finite group A onto the finite group B, then @,:
G X A > G X B defined by @,(ga) = @g - ha is a piecewise isomorphism.

PRrROOF. Since on a finite group any 1-to-1 function is a piecewise transla-
tion, it follows that any 1-to-1 function from one finite group onto another
finite group is a piecewise isomorphism. Then this is just a special case of
Theorem 5.6. []

COROLLARY 5.7. If ¢: G — G’ is a piecewise isomorphism and G contains a
(large) paradoxical set, then G’ contains a (large) paradoxical set.

Proor. This is a consequence of Theorems 5.5 and 5.6 and the definitions
of paradoxical and large paradoxical sets.
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LemMMA 5.8. If G is a group without large paradoxical sets, then for any
positive integer s we can define a piecewise translation invariant, finitely additive
set function m on the rational subsets of G X C, such that if A C G is a
rational set in G, then m(A) = p(A4).

PrOOF. Since G contains no large paradoxical set, it follows that G X C,
contains no large paradoxical set, because a large 2-into-1 in G X C; X C,
implies the existence of a large 2-into-1 in G X C,,. This follows from
Corollary 5.6, since C; X C, and C,, are of the same order.

Then we can define a piecewise translation invariant, finitely additive set
function m* on the rational subsets of G X C,. G is a rational subset of
G X C,, and if A4 is a rational subset of G, it is also a rational subset of
G X C,. Also, m*(G) = 1/s and m*(4) = (1/s)u(4). Then if we define
m(A4) = s- m*(A4), we are done. [

LEMMA 5.9. If there is an f € M such that
= él X, = gl Pixa;
with a; and B; € R, where A; and B, are rational sets, and
iél o;u(4;) # iil Bin(B,),
then there is an f' € M such that
=3 aixg = 3 Bixay
i=1 j=1

where the o, B/ € Z, and
n m
21 afp(4;) # 21 B/ n(B)).
i= Jj=

PROOF. Let C be a Hamel basis of R over Q. Then for each a; and B; there
is a unique function «;(¢), B;(c) from C — Q which equals 0 except for finitely
many c¢’s such that

o = 2 a,-(C) -¢ and B,‘ = cgcﬁi(c) - C.

ceC
Then for each x € G we have

10 = 3 ( 3 a0 = £ ( S 8- ax)

i= eC i eC

=]

Let ¢,, c,, - . ., ¢, be the finitely many elements of C such that a;(c) # 0 or
Bi(c) # 0 for some i. Then
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m

S S ale) 6 xa(x) = li}ﬁ,-(c,.)-cfx,,(x).

i=1j=1 i=1/=
From the linear independence of C it follows that
n m
2] a(¢) - x4, (%) = 21 Bi(c) - x5, (x)-
1= =

Moreover, if
n

3 a (o) = 3 BoInE),

i=1

foreachj=1,...,s, then

1:1 iél (g)- ¢~ wld;) = jél ‘.21 Bi(c) - ¢;- w(B)),

contradicting the hypothesis of the lemma.
Therefore, for some j,

n m
3 a(c)u(4) * 3 A(5IH(B),
while
21 o (¢)xy, = -21 B:(¢,)xs,»
and the «,(¢;)) and B(c;) are rational. We can now multiply through by the
common denominator of the a,(¢;) and the B(c)) to get the desired relations
with integral coefficients. []

LemMA 5.10. If G is a group with no large paradoxical sets and
f= iél X, = iél Pixs,
is a real-valued rational function on G (A;, B; are rational sets) such that
S and) * 3 AuB),
then there is a rational function

n’ m

f= 21 “.{XA,.' = zl BiIXB{
i=

’

=

such that
w

S au(4) = 3 u(8)

i=]

and the o; and B3; are positive integers.
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PRrROOF. According to the preceding lemma, we may assume that the o; and
B; are integers. Suppose o, i =r+ 1,...,n,and B, i=s+1,...,m, are
negative. Define

r

f= 2 Xy, — 2 Bixs, = EBxB, 2 X,

=1 =5+ i=r+1
Then f’ is a rational function with positive integer coefficients; if

Saua) = 3 puB) = 3 AuB)~ 3 anld)

=g+ i=r+1

then

n

21 ou(4;) = igl Bi”’(Bi)‘ O

-
THEOREM 5.11. If G is a group without large paradoxical sets and
f= iél XXyq, = iél Bixs
is a rational function, where A; and B; are rational sets, then

;S 1“04)'— :Sl%“(B)

i=1

ProoF. It follows from the preceding lemma that we may assume the o; and
B; are positive integers. Now choose

n m
s>+ 2B
i=1 i=1
and define the graph of f, Gr(f) c G X C,, by
Gr(f) ={(x,r) € G X C;: 0<r < f(x)}.
Then by Lemma 5.8 there is a measure m on the rational sets of G X C, such
that m(4) = w(A) for rational subsets A of G. We will show that

m(Gr(f)) = 21 o (4;).

From the definition of Gr(f) it follows that we can define piecewise
translations 4; fori = 1,...,nandj = 1, ..., a; such that

Gr(f) = U U hy(4;)

i=1 j=1
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and hi(A4;) N hy(A;) = Dunless i = i’ andj = j'. Then

m(GH() = 3, 5, mih4)) = 3, 3 m4)

i=]j=

n

n n

= 2 am(4;) = 2 o;u(4;).

i=1 i=1

The h;(4;) are rational in G X C,, since the 4, are rational in G. If we now
repeat the same argument for f = Z7_, B;x5, we get

m(Gr(/) = 3 Bu(B).
Thus

n m

21 op(4;) = zl Bn(B). O
6. Extension of the linear functional.
DEFINITION 6.1. If f, g € V, then f =~ g if

n

n s
f= _21 ax, and g= by %G Xn(a;) + _21 Bixs;
i= j=

im=]

where the A are piecewise translations and the B, are rational sets with
W(B) = 0.
If f,g € V, then f ~ g if
n

f= ‘21 ax, and g= 21 A Xn (4,
i=

i=
where the h; are piecewise translations.

It follows from the properties of piecewise translations that there are
equivalence relations.

If fy ~ g, and f, ~ g,, then it is clear that f, + f, ~ g, + g&,, and af, =~ ag,
for any constant a.

Similarly, if f, ~ g, and f, ~ g,, then f, + f, ~ g, + g,, and af;, ~ ag, for
any constant a.

Let ¥V’ be the collection of equivalence classes with respect to ~ of V.
Then V' is a linear space.

THEOREM 6.2. If f,g € M and f ~ g, then N(f) = N(g).

LeMMA O. If f = f, + f,, where f, f, f, are finite linear combinations of
characteristic functions and are positive integer-valued; and if Gi1(f,), Gr(f,) are
rational sets in G X C,, then

m(Gr(f)) = m(Gr(£))) + m(Gr(f)).
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PROOF. Since f = f, + f,, it follows from the definition of Gr that, for some
piecewise translation H of G X C,,

Gr(f) = Gr(f)) U H(Gr(f))

and
Gr(f,) N H(Gr(fy) = .
Then
m(Gr(f)) = m(Gr(f,)) + m(H(Gr(£)))
and

m(Gr(f)) = m(Gr(f) + m(Gr(£y). O
LemMa L If f = 27, ayx4, = 2§, Bixs, and

m r

g8 = 2 A Xn(4) = 21 YiXc,
=

i=1
where the v;, B;, are positive integers and the a; are integers (not necessarily
positive), and the B; and C; are rational sets, then A(f) = A(g).

ProoF. We proved in Theorem 5.11 that if f = Z%_, B;x, where the B; are
positive integers and the B, are rational sets, then

3 Bu(B) = mGr(),

where
Gr(f) = {(x,r) € G X C;:0<r < f(x)},
and s can be any integer greater than max{ f(x) and g(x)}; and m is a finitely
additive, piecewise-translation invariant set function defined on rational
subsets of G X C,, which is identical with u for rational subsets of G.
The existence of such a set function is proved in Lemma 5.8.
From Theorem 5.11 we also have

3 u(C) = m(Gr().

We will now show that m(Gr(f)) = m(Gr( g)).
Define
fo= 2 ax, and f_= Eo(—cm,),

a,~>0
g8+ = 2 axpuy and g = 3 (—axuup)-
;>0 ;<0

Thenf=f, —f_andg=g, —g_.
Foreachi =1, ..., m such that a; < 0, choose a rational set 4] C G with
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A; C A]. Since G is rational, such a set always exists. Then let
fo= 2 (—aiXA,) + 2 (—aiX(A,'—Ai)) = 2 (_aiXA,')
;<0 ;<0 a; <0
and let
fo=fo+ 2 (max-a)) = > (aixy,) + > (= X (a;—-4)-
a; <0 ;>0 ;<0

Then f = f, — f_, and since f and f’_ are rational functions, so is f’, .
Let

g_=g_+ 2 (—aiX(A;—A,))
;<0
and
g =8+ *+ 2 (—axui-4y)
;<0

Theng =g/, — g_,andf, ~g’, andf_ ~g'"_.

It can be shown from the definition of ~ that if f,, f, are functions for
which Gr is defined and f; ~ f;, then Gr(f,) is a piecewise translation of
Gr(f,). Therefore, Gr(g’,) is a piecewise translation of Gr(f’,) and Gr(g") is
a piecewise translation of Gr(f”).

Thus Gr(g’,) and Gr(g’_) are rational sets in G X C, since they are
piecewise translations of Gr(f’, ) and Gr(f”).

Thenf, =f+ f_ andg, =g+ g"_.

By Lemma O:

m(Gr(f,)) = m(Gr(f)) + m(Gr(f_))

and
m(Gr(g’,)) = m(Gr(g)) + m(Gr(g~)).
Since Gr(f,) and Gr(f’_) are piecewise translations of Gr(g’) and
Gr(g_),
m(Gr(f,)) = m(Gr(g’,)) and m(Gr(f_)) = m(Gr(g_)).
Thus
m(Gr(f)) = m(Gr(g)) and A(f) =A(g). O

Lemma 2. If f=3237., ax,, = 20., Bxs and g = 27, 0 Xna) =
Z%=1 YiXc» Where the o, B;, v, are integers, and the B; and C, are rational sets,
then A(f) = A(g).

PROOF. Let

fr=2% Bxs and fT= zo_BiXB,’

Bi>0 Bi<
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and
g* =2 1xg and g~ = ¥ —vxc,
vi>0 vi<0
Thenf=f*—f andg=g* —g~.

Thus f*, f~, g*, and g~ are rational functions, and f* — f~ ~g* — g~
Then f* + g~ ~ g* + f~. These are rational functions with positive integer
coefficients, and it follows from Lemma 1 that A(f* + g7) =A(g* + f ).
Then, since A is linear, we have A(f*) + A(g7) = A(g*) + A(f ) and A(f )
“AMf)=MgT) - AMg)orMNH=ANg). O

LemMAa 3. If f =370, axy, = 2%ay BiXs, and g = 27, aXpuy =
%=1 YiXc, Where the a;, B, ; are rational numbers and B; and C,; are rational
sets, then A(f) = A(g).

Proor. If D = L.C.D.(o;, B, v,), then Df and Dg will satisfy the hypotheses
of Lemma 2 and A(Df) = A(Dg). Then DA(f) = DA(g) and A(f) = A(g). O

LeMMA 4. If f,g € M and f ~ g, then A(f) = A(g).

PROOF. Suppose f = 27., ax, = Zi-; Bxs, and g = i, axp(ey =
2% =1 YiXc,» Where a;, B;, v; € R and B; and C, are rational sets.

Let C be a Hamel basis of R over Q. Then for each a;, 8, v; there is a
unique function ;(c), B(c), v/(c) from C — Q which equals 0 except for
finitely many ¢’s such that

o = 2 a;(c)-c, B = cgcﬁi(c) 4z Yi = c§CYi(C) :C.

cEC
Let ¢;,c;, . . ., ¢, be the finitely many elements of C such that a(c) # 0 or
Bi(c) # 0 or y,(c) # O, for some i.

Then
= alg) g B=2B8) g v=2rn)c
Jj=1 Jj=1 Jj=1
Thus
f=2 (2 a.~(¢,-)°c,-)x4, =2 ( B,.(c,)-cj)x,,,
i=1\/j=1 i=1\/j=1
and
g=2 (2 a.~(0,~)~cj)>o.,u,) =2 (Z vi(c,-)’cj)Xc,‘
i=1\j=1 =]\ =1
Then

) ( mlai(cj)xA.)cj = 21(2, &(c,)x,,,)c,-

j=1\i= Jj=1\i=
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and
n m n r
2 ( DY a,-(cj)m@)cj =3 (.2 Yi(ci)xQ)cj’
j=1\i=1 J=1\i=1
It follows from the linear independence of C that foreachj =1,2,...,n
m s
21 “i(cj)XA, = 2] B.(‘})XB, M
1= i=
and
m r
_21 ai(‘—}')Xh,(A,) = ’21 'Yi(‘}')Xc,' 2
1= -
Let

ﬁ, = igl a'.(cj)xAi and g = 21 ai("))Xln,(As)°

Then f; ~ g;, and the coefficients ,(c;), B,(c;), and v(c;) are rational. Further,
equations (1) and (2) show that f; and g; are rational functions.

Thus by Lemma 3 we have A(f) = A(g) forallj =1, 2, ..., n. Then since
A is linear we have

xf=v"( 3 cfff) = 2M5) = 3 ) =}‘(i cg) e 0
Jj=1 Jj=1 J=1 /=

This completes the proof of Lemmas 1-4.
Now suppose that

m s
f= _21 X4, = 21 Bixs,
i= im=

and

m t r
g= 21 GXn(a) 21 PiXo, = 21 YiXcy
= i=- -
where the a;, B;, v, ¢; € R, the B,, C;, D, are rational sets and u(D;) = 0.
Then let g’ = g — Zi_, ¢;xp- By Lemma 4, A(g") = A(f). But

A(g) =Ag - ?\( g} (pixq) =N — 2’. oin(D;) = Ag.

Thus A(g) = A(f). This completes the proof. [
DEFINITION 6.3. Define the relation > on ¥V’ by defining F > 0 if there
exists f € F such that f > 0. Then F, > F,if F, — F, > 0.

THEOREM 6.4.If f > Oand g < Oandf~ g,thenf =g = 0.
Iff>0and g <0 and f~ g, then f — g =0 for all x € G — E, where
WE) = 0.
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PROOF. Suppose that

n

2 aX4) <0,

i=]

f= 20@)@)0 and g =
i=1

where the q; are integers.
Then

f-g= 2} X4, — gl X4, > 0.
(We first prove this theorem for integer coefficients, and then extend it to
functions with rational and real coefficients.) Then f — g > Oand f — g ~0.
Since f — g > 0 and has positive integer values, we can define
Gr(f—g)={(x,r) EG X C,:0< (f—g)(x)<r} Cc G XC,

Since (f — g) ~ O there exists a piecewise translation H in G X C; such that
H(Gr(f — g)) = Gr(0) = J. Then Gr(f — g) = <. This implies that f — g =
0.

If for some x € G, (f — g)(x) # 0, then (f — g)x) > 0 and (x, (f —
g8)x) €Gr(f—g). Thus (f—g) =0, and since f >0 and —g > O, it
follows that f = 0 = g forall x € G.

Now let us suppose that f=37_, a;x, > 0 and g =2}, a;xs4) < O,
where the a;’s are rational numbers. Let D = L.C.D.{«;}. Then Df and Dg
satisfy the hypothesis of the case proven above and Df = Dg = 0. It follows
thatf =g = 0.

Next suppose that f=37_, a;x, > 0 and g = 2}, a;X, (4, < 0, where
o; ER.

Choose a Hamel basis C of R over the rationals. Then each q«;, =
Z.ec 9/(c) - ¢, where ay(c) is rational. Let {¢;: j =1, ..., m} be the finite
subset of C such that a(c)#0 for some i=1,2,...,n Then o =

2721 a(c) - ¢, where a;(c;) is rational. Thus

n n m
f= 2 X4, = 2 ai(‘})"-)XA, >0
i=1 " i=1j=1
and
n n m
Let

n

5= igl ai(cj)x"i and g = igl "‘i(cj)xh(m)'
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Then
m m
f= 2] cf, and g= 21 g
J= J=

Choose m monotonic decreasing sequences of rationals a; for j =

1,2,..., msuch that lim,_, &, = ¢, for each j. Also choose m monotonic
increasing sequences of rationals 8 forj = 1,2, ..., m such that lim,_,, B;
= ":l"
Let
_ m
Je= ,21 %S 2 % &j
j=
and

fo=Z Bufr &= 2 Bug
Jj=1 Jj=1

Thenf, > f > f, and g, > g > g, for every k.

Let ¢, be the smallest nonzero value of f and let ¢, be the absolute value of
the largest nonzero value of g. Let ¢ = min{e,, ¢,}, and choose k, such that
loy; — ¢| <e/mM and |B; — ¢| <e/mM for all j=1,2,...,m, for all
k > ko, and where M = max{ f, g;:j = 1,...,m). We know that f, >f >0
and g, < g < 0 are true for all k.

For sufficiently large k we have 0 < f — f, <eand0< g, — g <e.

If f(x) >0, then f(x) >¢ and f(x) > 0. If f(x) =0, then since f=
27, ¢f;, it is a consequence of the Tlinear independence of the Hamel basis
thatj}(x) =0forallj = 1,2, ..., m Butthen

£ =§. Buf(x) = 0

Thus f, > Ofor all k > k,.
Similarly, if g(x) < 0, then g(x) < — ¢ and g,(x) < 0. If g(x) = 0, then
gi(x) = O forallj and

& (x) = 2 ;8 (x) =

Thus g,(x) < Ofor k > k.
It is easy to see from the definitions

n n

f=Z o, and g =3 alc)xu)

i=]

that f; ~ g foreachj = 1, 2, . . ., m. It also follows from the definitions of £,
8k fk, and & as linear combinations of the f; and g; that fk ~ g, and j;( ~ &
Since these functions are linear combinations with rational coefficients of
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characteristic functions, the results of the preceding section of the proof apply
and it follows that f, = g, =0andf, =g, =0.Thenf=g =0.

This proves the first part of the theorem.

Now if

n

n m
f= '21 ax, >0 and g= > %GXn (4 t 2] Bixs,

i=]

where a;, 8; € R and the B; are rational sets with u(B;) = 0, we define f* and
g by fi(x) = f(x) and g'(x) = g(x) if x € G — U ., B;; and f(x) = 0 and
gx)=0if xe UM B.Then f/ >0and g < O0and f'~g'. Thus f' = g’
=0,andf=g=0forallx & U[., B;andw(U/.,B)=0. O

It follows immediately from Theorem 6.4 that if f > 0 and g < 0 and
f~g, then f~0~g.

LEMMA 6.5. The relation > is a partial ordering of V'.

PRrOOF. (1) Reflexive. It is clear that F > F.

(2) Transitive. If F, > F,and F, > F;,then F, — F, > 0and F, — F; > 0.
Then there exist f € F, — F, and g € F, — F; such that f > 0 and g > 0.
Then f+ g €E(F, — F)) + (F,— F;) = F, — Fy;and f+ g > 0. Thus F, >
F;.

(3) Antisymmetric. If F, > F, and F, > F,, then there exist f € F, — F,
and g € F, — F; such that f >0 and g > 0. Then —g € F, — F, and
—g < 0. Thus f~ (—g). Then it follows from Lemma 6.3 that f~ 0, and
thus F, = F,.

DEFINITION 6.6. Let M’ = {F € V': F N M # J}. Then M’ is a linear
space. If ffEM N Fiandf, EM N Fy, thenf, + , €E M N (F, + F,)) and
af, € M N aF, for any constant a. Now we define a linear functional on M’
by L(F) = A(f) for any f € F N M. Then L is a nonnegative functional
since A is.

The next theorem, here for convenience, is adapted from Theorem 14 of
Banach [1].

THEOREM 6.7. If a nonnegative linear functional Ly is defined on the linear
space Vg C V' and o € V' — Vg with Fy > ¢ 3 F,, Fy and F, € Vg, then Ly
can be extended to a nonnegative linear functional Ly, , defined on Vg, =
(Vg, @) such that Lg, ((F) = Lg(F) if F € V.

PROOF. Let @ = inf{Lg(F): F € V, and F > @}. Every coset in Vj,, is of
the form F + cp. We can define Lg, ((F + cp) = Lg(F) + ca. It is clear that
this is well-defined and linear. It remains to show that Ly, , is nonnegative.

Suppose F + cp > 0. If ¢ =0, then Ly, (F + 0-¢) — Lg(F) > 0, since
L, is nonnegative.
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If c >0, then ¢ > — F/c and for every F, > 0 we have F, > — F/c or
F, + F/c > 0. Thus Ly(F, + F/c) > 0and ca + Lg(F) > 0.

If ¢ <0, then F/—c — ¢ > 0. Thus Lg(—F/c) > a or —Lg(F)/c > a,
from which follows Lg(F) + ca > 0, since ¢ < 0.

Thus Lg,, is a nonnegative linear functional on Vg, ,. [J

THEOREM 6.8. The nonnegative linear functional L defined on M’ can be
extended to a nonnegative linear functional L' defined on V' such that if
F € M’ then L'(F) = L(F).

PRrROOF. See Banach [1, Theorems 15 and 16].

Since every f € V is bounded and since all constant functions are in M, we
know that for every ¢ € V' there are F,,F, € M such that F, > ¢ > F,.
Thus we can apply the preceding theorem and transfinite induction to show
that L can be extended to a nonnegative linear functional L' on V’. [J

It is now possible to define a nonnegative linear functional A’ on ¥ such
that if f € M, then A’(f) = A(f). We define A'(f) = L'(F), where f € F.

Then X’ is a translation invariant nonnegative linear functional on ¥, i.e., A’
satisfies the following conditions:

M Nxg)=1

Q@) N(af + bg) = aN'(f) + bX(g),

BGYN() > 0iff > 0,

@D N (7o) 4Xxpay) = N(Z7-) a;xy), if the h; are piecewise translations.

We can now easily define a Banach measure on G by defining u(4) =
N'(xy) for all 4 C G. Then it is obvious that p satisfies the conditions:

(D) u(G) =1,

2)mA U B) = w(4) + (B),ifAN B=6,

(3) u(h(A)) = p(A) if h is a piecewise translation,

@) u(A4) > 0forall4 C G.

Since the piecewise translation # in Condition 3 is a left piecewise transla-
tion, y is a left translation invariant measure and G is left amenable. It is well
known (see Day [5] and Greenleaf [6]) that if a group G is left amenable, then
G is right amenable, and that if G is left and right amenable, then G is
amenable. []

This completes the proof of our main result.

THEOREM 6.9. A group is amenable if and only if it does not contain a large
paradoxical set.

7. Comments and conjectures. The proof of Theorem 6.9 relies heavily on
the use of G X C, that is permitted by the definition of “large paradoxical
set” as no large 2-into-1 in any G X C,. Clearly the theorem would be more
satisfying if we could alter the definition of “G contains no large paradoxical
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sets” to “G contains no large 2-into-1” and avoid mention of the direct
product G X C,. This would also be a more natural generalization of Banach
and Tarski’s paradoxical sets. To do this and still have Theorem 6.9 be true it
would be sufficient to prove the following conjecture:

CONJECTURE 7.1. Given a group G and a finite cyclic group C,, G contains
a large 2-into-1 if and only if G X C, does.

To prove this, it suffices to show:

CoNJECTURE 7.1". If G X C, contains a large 2-into-1, then so does G.

If it is true for C, then it is true for any C,. The converse of Conjecture 7.1’
is obvious.

The following conjectures are of considerable interest and closely related to
this topic:

CONJECTURE 7.2. A group is amenable if and only if it does not contain a
noncyclic free subgroup.

CONJECTURE 7.3. A group contains a large 2-into-1 if and only if it contains
a noncyclic free subgroup.

In each of these conjectures one direction is easy. Thus we can rewrite
them to show only the unknown direction:

CoONJECTURE 7.2°. If a group is not amenable then it contains a noncyclic
free subgroup.

ConJECTURE 7.3. If a group contains a large 2-into-1 then it contains a
noncyclic free subgroup.

Since the converse of Conjecture 7.3’ is not trivial we include the proof.

THEOREM 7.4. If a group contains a noncyclic free group, then it contains a
large 2-into-1.

PROOF. Let F = <{a, b) C G. Then G = U , Fg. Elements of F can be
written as words in @ and b, w = a™b"a™ . . . b, Define piecewise transla-
tions ¢ and ¢ as follows: if w begins in a negative power of a, then
ow = a~'w; otherwise pw = aw. If w begins in a negative power of b, then
yw = b~ lw; otherwise yw = bw. Then oF N YF = &, since every word of
@F begins in a or a~! and every word of {F begins in b or b~'. Then, since
G = U ,cf Fg, for each x € G we can write x = wg, where w € F, and we
can define @x and yx for each x € G by px = ¢pwg and yx = ywg. Then,
since pF C Fand yF C F and ¢oF N yF = J, it is clear that G N YG = <.
Thus since G U YG C G, G is a large 2-into-1. []

The conjectures 7.2’ and 7.3 are closely related.

THEOREM 7.5. Conjecture 1.2' implies and is implied by Conjecture 7.3’'.

PROOF. Suppose G is not amenable. Then by Theorem 6.9, G contains a
large paradoxical set. Thus G X C, contains a large 2-into-1. Then according
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to Conjecture 7.3’, G X C, contains a noncyclic free subgroup. But it is easy
to see that if G X C, contains a noncyclic free group then so does G. The
other direction is obvious. []

To show that there is in fact a distinction between groups which contain a
paradoxical set and groups which contain a large paradoxical set, we present
an example of a group which contains no Jarge paradoxical set but does
contain a 2-into-1. Let G be the group of isometries of the plane. Then G is
amenable. The group K of translations of the plane contains the commutator
subgroup of G. So G/K and K are abelian and therefore amenable. Thus by
a theorem of von Neumann [3], G is amenable. It can be shown that G
contains a free semigroup on two generators. We now quote Theorem 1.7
from Sherman [9]: the group G contains a 2-into-1 by translation if and only
if G contains a free semigroup on two generators.

Thus there is a set S C G such that aS U bS C S and aS N bS = J for
some a,b € G. Since the translations a, b are also piecewise translations, S is
a 2-into-1.

Hence G is an amenable group which contains a 2-into-1. But from
Theorem 6.9 we know it cannot contain a large 2-into-1. Therefore G
contains a paradoxical set but no large paradoxical set.
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