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A NEW CHARACTERIZATION OF AMENABLE GROUPS1
BY

JON SHERMAN

Abstract. Paradoxical sets, which are a natural generalization of the type

of sets made famous as Hausdorff-Banach-Tarski paradoxes, are defined in

terms of piecewise translations. Piecewise translations are the generalization

to arbitrary discrete groups of the maps used in the Banach-Tarski para-

doxes as congruences by finite decomposition. A subset of a group is

defined to be large if finitely many translates of it can cover the group. The

main result of this paper is that a group is amenable if and only if it does

not contain a large paradoxical set.

1. Introduction. A Banach measure on a group G is a finitely additive,

nonnegative, translation invariant measure which is defined for every subset

of G. A group on which a Banach measure can be defined is called amenable.

Stefan Banach [1] showed that R, the additive group of real numbers, is

amenable, von Neumann [2] observed that the same proof shows that any

Abelian group is amenable. Hausdorff [3] constructed subsets of the 2-sphere

which are simultaneously one-half the sphere and one-third the sphere.

Starting from this paradox, Banach and Tarski [4] showed that any two

bounded subsets of E3 with nonempty interiors are congruent by finite

decomposition. Two sets A and B are defined to be congruent by finite

decomposition if each can be written as the disjoint union of n subsets such

that the ith subset of A is congruent to the ith subset of B for /' = 1,2,...,«.

It is clear that if A and B are subsets of an amenable group G and are

congruent by finite decomposition, then the measures of A and B are equal.

Thus Banach and Tarski showed that a Banach measure cannot be defined

on the group of isometries of E3. von Neumann [2] pointed out that these odd

sets constructed by Hausdorff, Banach, and Tarski depend on the existence in

the group of isometries of E3 of a free subgroup on two generators. The

natural question then is: if a group G does not contain a free subgroup on

two generators, is G amenable? This question is yet unanswered. Another

question one might ask is: does every group which fails to be amenable
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366 JON SHERMAN

contain a paradoxical set of the Banach-Tarski type, or can amenability fail

in some other way? We prove in this paper that if the notion of paradoxical

set is suitably generalized, then a group is amenable if and only if it does not

contain a "large" paradoxical set. The word large is needed here, since there

are amenable groups with paradoxical sets which can consistently be assigned

measure zero.

2. Piecewise translations and paradoxical sets.

Definition 2.1. A piecewise translation of a subset A of a group G is a

function/: A -^>f(A) such that
n

A = U A¡,   where A¡ n Ay = 0   if /' +j;
i = i

and
f(a) = a¡a    for all a £ A¡,

a¡A¡ n OLjAj = 0    if /' ¥=j.

We have identified piecewise translations with translations on the left. To

be completely general we should also define right piecewise translations and

two-sided piecewise translations. In Definitions 2.4 and 2.8 we will define

paradoxical sets in terms of piecewise translations and proceed with the proof

of the main result of this paper: that if a group does not contain such a

paradoxical set, then it is amenable. Since not containing a paradoxical set by

left piecewise translations is a weaker hypothesis than not containing a

paradoxical set by general piecewise translations (left, right, or two-sided), we

prove a slightly stronger theorem as well as gain some simplicity by working

only with left piecewise translations.

Theorem 2.2. (1) A piecewise translation is a 1-/0-1 function.

(2) If f: A -^ B is a piecewise translation, then f~x: B —» A is also.

(3) The composition of piecewise translations is again a piecewise translation.

(4) The relation B = f(A), where f is a piecewise translation, is an equivalence

relation on the subsets of G.

(5) If B = f(A), where f is a piecewise translation, then A and B have the

same measure on any Banach measure defined on G.

(6) Iff is a piecewise translation of 5, then its restriction to a subset T G S is

a piecewise translation of T.

Proof. These statements are all obvious.

Definition 2.3. A set 5 c G is large if there exist piecewise translations

AJ2> ■ ■ • ,/„ such that
n

g= UMS).
1 = 1
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It is easy to see that this is equivalent to the existence of finitely many

elements xx,x2, . . . , xm of G such that the translates x¡S cover G (i.e.,

Gc Uf_,*,S).
It also follows easily from this definition that if A c B and A is large then

B is large.

Definition 2.4. A set 5 c G is n + l-into-n if there exist piecewise

translations/,,/,, . . . ,f„ + x andgx, . . . , g„ such that

71+1 n

UfiiS)c U 8ÀS)
1=1 1=1

and

fi(S)nfj(S) = 0   fori-V-

Definition 2.5. A set E c G is a A-set of the set 5 c G if there is a

piecewise translation / such that f(S) c 5 and E = 5 — /(5).

Theorem 2.6. The following conditions are equivalent:

(1) G contains an n + l-into-n.

(2) G contains a 2-into-l.

(3) G contains a set S and a A-set E of S such that S G U "_ i f(E), where

/,,...,/„ are piecewise translations.

Theorem 2.7. The following conditions are equivalent:

(1) G contains a large n + l-into-n.

(2) G contains a large 2-into-l.

(3) G contains a large A-set.

Proof of Theorems 2.6 and 2.7. We will prove that 3 => 2 => 1 => 3 for

both Theorems 2.6 and 2.7.

3 => 2. Assume E = 5 - /(5), where /(5) c 5 and 5 c U °,,|,(£),

where/and gx,g2, . . . , g„ are piecewise translations. Then/2(5) C f(S). Next

let E2 = fiS) - f2(S). In this way define Ei = f~x(S) - f(S) for / =

I, . . . , n. Let Ex = E. Then £, n Ej = 0 if i ¥=j, and

n n

U £, c (J [f-x(s)-f(s)] GS-f(s).
i=i        1=1

Since 5 c U "=1 &■(•£) and E¡ = f'~x(Ex), it follows that we can define a

piecewise translation A such that A(5) C U "=, E,. Then/"(5) U h(S) c 5

and/"(5) n A(5) = 0. Thus 5 is a 2-into-l.

If E is large, then, since E c 5, 5 is large, and thus 5 is a large 2-into-1.

2 => 1. This is true because a 2-into-l is by definition an n + 1-into-«.

1 ̂  3. Suppose that U^l fi(S) c U Ui S,(S), where/(5) n /(5) = 0 if
/ ¥=j and the/ and g, are piecewise translations.
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Let 5' = U "_, g¡(S) and define a piecewise translation A: 5' -» 5' by

h(gx(S))=fxgx-x(gx(S))=fx(S),

h(g2iS) - gl{S))=f2g2x(g2(S) - gx(S)) c/2(5),

Hg3iS) - g2iS) - gx(S)) =f3g3-\g3(S) - g2(5) - g,(5)) c/3(5),

KgAS)-gn-ÁS)-g,(5))

= fngñ\gniS) - gn_x(S)--g,iS))  C/n(5).

Then

and

KS')g UMs)g \JMS)c LU,(s)

E=S'-h(S')Dfn + x(S).

It is easy to see that 5' c U "=\ gJ^\Un + \iS)\ and since fn+x(S) G E it

follows that there exist piecewise translations ex, . . . , en such that 5' c

U "_] e¡(E). We already know that if A is large and AGB then B is large.

Thus if we are given that 5 is large, then it follows that E is large, since

fn+l(S)GE.    D
Definition 2.8. We say that a group G contains a large paradoxical set if

for some cyclic group C„ the direct sum G X Cn contains a large 2-into-l.

Theorem 2.9. If G contains a large paradoxical set, then G is not amenable.

Proof. If 5 is a large 2-into-l in G X C„, then/,(5) u f2(S) c g(5) and

/,(5) n /2(5) = 0 implies that 2p(5) < ¡i(S) for any Banach measure p.

Thus p(5) = 0. But since 5 is large, G X C„ c U™., A,(5). Thus m ■ p(5) >

1.
This contradiction shows that G X Cn is not amenable. Since it is well

known that the group A X B is amenable if A and 5 are, and that C„ is

amenable, it follows that G is not amenable.   □

3. Definition of upper and lower measures.

Definition 3.1. If A,B c G, then we say m X A c n x B if there exist

piecewise translations /,,/2, . . . ,fm and g,, . . . , g„ in 6xC, for some

sufficiently large í such that

m n

LU04)C U gt{B)GGxCs
1=1 1=1
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and

f(A) n fj(A) = 0  ifi^j.

Theorem 3.2. IfA,B,C, c G, then:

(1) If nx X A G mx X B and n2 X A G m2 X B, then

(nx + n2) X A G (mx + m2) X B.

(2) If n X A G m X B, thenpn X A g pm X B.

(3) // n X A G m X B and m X B G r X C, then n X A G r X C.

(4)IfnXAxGmxXB and n X A2 G m2X B, then

n X (Ax u A2) G (mx + m2) X B.

(5)Ifnx X A G m X Bx and n2 X A c m X B2 and Bx n B2 = 0, then

(nx + n2)A G m X (Bx u B2).

Proof. These are all obvious consequences of Definition 3.1.

Definition 3.3. If A c G we say A > l/n if G g n X A. Equivalently,

A > l/n means there exist n piecewise translations /„...,/„ such that

G G U?.,/^).
Definition 3.4. If A c G we define the set of positive numbers LA as

follows:

a E LA if a = l/n, + l/n2 + • • • +l/nk

and

k

A =  U A¡,   where A¡ n A} = 0   if i =£j   and   A¡ > l/n,.
í=i

We call LA the set of lower bounds of A.

Theorem 3.5. If G contains no large paradoxical sets, then LA is bounded

above and sup LA < 1 for every A G G.

Proof. Assume a £ LA for A g G and that a > 1. Then a = l//i,

+ • • • + l/nk and A = Uf=, A¡, where A¡ > l/n¡ and /I, C\ Aj = 0 if

/ ¥^j. Then

G c n,: X A,    for i = 1,2, ...,k. (1)

Letp = n, • n2.nk. Then pa = p/nx + • • • +p/nk >p. We are going

to show that if í is any positive integer greater than pa, then G X Cs contains

a large n + 1-into-77. Therefore choose a positive integer s > pa. Then by

hypothesis, G X Cs contains no large 2-into-l. From (1) and Theorem 3.2, it

follows that p/n¡ X G G p X A¡ for i = 1,2, ... ,k. Thus, by Theorem 3.2,

we have (2*=1 p/fn¡) X G G p X A. But 2*=1p/n, = pa. Thus pa X G G p

X A, and sincep X A c p X G, we have pa X G G p X G, where pa > p.
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Therefore G is a large 77 + l-into-n in G X Cs, and it follows from

Theorem 2.7 that G X Cs contains a large 2-into-l. This contradicts our

assumption that G contains no large paradoxical set and shows that sup LA

< 1 for every A c G.    □

It is interesting to note that if G contains a large paradoxical set, then

sup LA is unbounded for all large sets. To prove this, note that a group G

contains a large 2-into-l if and only if G is a large 2-into-l. Then if A is a

large subset of G and G X C„ is a large 2-into-l for some 73, then A covers

G X Cn. But the same number of images of A also cover 2 X (G X C„) and

4 X (G X C„) and 8 X (G X C„), etc.

Definition 3.6. If G does not contain a large paradoxical set, we define a

lower measure ¡i(A) = sup LA for every A G G, where ¡x(A) = 0 if LA = 0.

Theorem 3.7. If G is a group which does not contain a large paradoxical set,

then the lower measure p satisfies the following conditions :

(1) 11(A) < 1 for every A c G.

(2) n(f(A)) = n(A)for every A G G and every piecewise translation f.

(3)p(G)=l.~

(4) n(A u B) > p.(A) + (i(B)for A,B G G with A n B = 0.

Proof. Statement (1) is a consequence of Theorem 3.5. Since A > l/n

means that G = U "-if¡(A), where /,,...,/„ are piecewise translations, it

follows that g(A) > l/n for any piecewise translation g. Thus if a E LA, then

a E Lg(Ay This proves (2).

To show (3) we observe that G = G. Thus 1 E LG, and from Theorem 3.5

we have sup Lc < 1. Thus sup Lc = 1.

To prove (4), suppose a E LA and ß E LB. Then A = U *_, A¡, where

A¡ > l/n,., A¡ nAj = 0 if i #/ and a = 2*_, l/n,.; and 5 = U {_, 5,.,

where 5, > 1/ttj, and B¡ n By = 0 if f +j and ß = 2'_, 1/w,. Then /lu«

= u*=,au(u;=1/*,).
Thus a + /? E LAuB and sup L/luB > a + /?. Since a and ß are arbitrary

elements of LA and LB, it follows that

sup LAUB > sup LA + sup LB.   □

Definition 3.8. If .4 c G we say that A < l/n ifnX.4 g G. A < l/n is

equivalent to the existence of n piecewise translations /,,...,/„ such that

U U. MA) G G and/04) n fj(A) = 0 if , */.
Definition 3.9. If ^1 c G we associate with /I the set of positive numbers

UA, the set of upper bounds of A: UA = {a: a = S¿=, l//i, and j4 = U ?_i A¡,

where/I, < l/n,}.

Definition 3.10. If G is a group which does not contain a large paradoxical

set, then we define an upper measure ji(A) = inf UA, for every A G G.
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Theorem 3.11. If G is a group which does not contain a large paradoxical set,

then the upper measure p satisfies the following conditions:

(l)p(G)=l.

(2) fi(f(A)) = jl(A)for every A G G and every piecewise translation f.

(3) Ji(A Ui)< ¡i(A) + ¡L(B)forA,B G G with A n B = 0.

(4)ji(A)< ¡ÜB) if A GB.

Proof. (1) Suppose there is an a £ UG with a < 1. Then G = U ?_, A¡

with A; < l/n, and a = E*=, l/n,. < 1. Thus n, X /(,. c G for / = 1, . . . , A:.

Let P = n, • n2 • n3.n¿. Then, by Theorem 3.2,

((jP/n,) ■ n,) X At G B/n¡ X G   for i = 1, 2, . . . , k.

Thus

P X A; G P/n¡ X G   for i = 1,2, ... ,k.

Then

k k

p x LM, c 2 ¿7«,- x G
,=i       i=i

follows from Theorem 3.2.

Since Uf=i Ai, = G and 2*=, /'/n, = Pa < P, this implies P X G c Pa

X G, where P > Pa.

Thus G is a large n + l-into-n in G X C, for some s. Then we know from

Theorem 2.7 that G X Cs contains a large 2-into-l and therefore G contains a

large paradoxical set. This contradiction shows that for every a £ UG, a > I.

Since G c G, we have 1 £ UG; thus inf UG = 1 and p(G) = 1.

The proof of (2) is a simple consequence of the fact that the property

A < l/n is by definition invariant under piecewise translation.

To prove (3), assume that a E UA and ß £ UB. Then A = U *=, /!,, where

4 < l/n, and 5 = U ,-i #,> where 5, < l/w„ and a = 2*_, l/n, and

ß = 2' = , 1/777,. Then

/Í U fi = ( U 4-J U I y b\,

where ^4, < l/n, and 5, < l/m¡. Thus

2 -U 2-¿--« + i8g^+b.
,= I   «( ,= 1   7M,

Thus inf UA + B < a + ß. Since a and ß were arbitrary elements of UA and

i/Ä, it follows that inf UA+B < inf UA + inf UB.

To prove (4) we first observe that if A¡ c B¡ and 5, < l/«„ then A¡ < l/n,..

Now suppose a E UB and ^cß. Then /? = U *_, B¡, where Ä, < l/n,
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and  a = 2?_, l/n,..   Then  let Ai, = A n B,.   Hence /I, < l/n,   and A =

U f_, ^4,; therefore a E UA, and so inf UA < inf UB.   □

One may observe that if G contains a large 2-into-l, then inf UG = 0.

Theorem 3.12. If G does not contain a large paradoxical set, then p.(A) <

¡L(A) for every A G G.

The point of this theorem is to show that if G does not contain large

paradoxical sets, then there is always room between the lower and upper

measures to assign a Banach measure. The upper and lower measures of a

subset of G are forced by the conditions of finite additivity and translation

invariance, and if there is no room between them, then amenability fails. If in

fact G contains a large 2-into-l, then this does fail in the wildest possible way,

since n(G) = oo > /X(G) = 0.

Proof. Suppose sup LA > inf UA. Then there exist a = 2*=, l/n, E LA

and ß = 2y._, l/m¡ E UA, with a > ß. Then A - U f_1 A„ A¡ n Aj = 0 if
i ¥=j; and A = U J=, -Ö, with G c n, X ^4. for i — 1,..., k and w, X B¡ c

G for / = 1, . . . , t. Let Q - Uf.i 77, and P = TJJ.i ttj,- Then ((QP/mj) ■ mj)
X Bj g QP/mj X G for / = 1, . . . , t; and QP/n, X G c ((QP/n¡) • n,) X
A¡ for / = 1, ..., &. Thus ÖP/n, X G G QP X A¡ for i = I, ... , k; and

£?P X Bj G QP/mj X G for/ = I, . . . ,t.

Thus CSf., QP/n¡) X G G QP X A and QP X A g (Z'j„x QP/mß X G.
Then QPa X G G QP X A and QP X A G QPß X G. And so QPa X G G

QPß X G. If a > ß, this implies that G contains a large paradoxical set. Thus

a < ß and sup LA < inf t/, and ¡i(A) < p04).    □

4. Rational sets.

Definition 4.1. If G is a group with no large paradoxical sets, then a subset

A G G is a rational set if fi(A) = p(/l).

For rational sets A we set ¡i(A) = p(,4) = ¡L(A).

Theorem 4.2. If A and B are rational subsets of a group G with no large

paradoxical set and A n B = 0, then A u B is a rational set and ß(A u B) =

tx(A) + (1(B).

Proof. p.(A u B) > p.(A) + ¡x(B) = p(A) + p(B) > p(A u B). Thus p(A

U B) > p(A u B). Bufp(^ U~B) < fi(A u B). Therefore ¡x(A u B) = p(A

U B) and A u B is a rational set with ¡i(A u B) = p(y4) + p(ß).    D

Theorem 4.3. // A is a rational set, then so is f(A) for any piecewise

translation f, and ¡i(f(A)) = n(A).

Proof. This follows from Theorems 3.11 and 3.7.
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Theorem 4.4. On the collection of rational subsets of G, where G contains no

large paradoxical set, the set function ¡i is finitely additive and piecewise

translation invariant with p(G) = 1.

Proof. This is a consequence of Theorems 3.7, 3.11, 4.2, and 4.3.

5. Rational functions and nonnegative linear functionals. We have now

shown that if G is a group without large paradoxical sets then we can define a

finitely additive, piecewise translation invariant set function p on the collec-

tion of rational subsets of G such that ¡u(0) = 0 and p(G) = 1. (It is clear that

0 and G are rational sets.) We now wish to extend this set function to a

measure on every subset of G. For the rational sets A c G we have p.(A) =

ß(A), and thus there is no choice but to choose fi(A) = ¡l(A) = fi(A). How-

ever, if A is not rational, then fi(A) < ¡1(A), and we have infinitely many

choices for ¡x(A). To make these choices consistently we wish to use a

variation of the Hahn-Banach extension theorem. To that end we make the

following definitions:

Definition 5.1. Let V he the vector space generated by characteristic

functions Xa °f subsets^ c G. Then, iff E V,

n

/ = 2 a,Xv
i = i

where a, E R and A¡ c G.

Let M be the subspace of V generated by the characteristic functions of

rational subsets of G. If / £ M, then

n

/ = 2 «,x.,>i=i
where a, E R, and A¡ are rational subsets of G.

Definition 5.2. We want to define a linear functional X on M as follows. If

/ E M and
n

f = 2 «,-Xv
1=1

where A¡ is a rational subset of G for / = 1,2, ... ,n, then

Kf) = 2 «,■■• riA,).
/=i

We need to show that this is a proper definition, i.e., that 2"_, a, • ii(A¡) is

well defined. The remainder of this section will be devoted to proving that we

can define a linear functional this way.

Definition  5.3. A piecewise isomorphism is  a one-to-one function <p:
onto

G —» G' such that if / is a piecewise translation of a subset A c G, then

f'(x) = tpfip~x(x) is a piecewise translation of q>(A) c G'.
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Theorem 5.4. If <p: G —> G' is a piecewise isomorphism, and G' is amenable,

then G is amenable.

Proof. Suppose m' is a Banach measure on G'. Then define m(A) =

m'(<p(A)) for every A c G. Then m is a Banach measure on G:

(1) 777(G) = tm'(<p(G)) = m'(G') = 1.

(2) If .4 n B = 0, then

m(A U B) - 7tt'(<ï>04 u £)) = w'(<p04) U <p(5)) = 77i'(<)p(^)) + 777'(<p(5)),

since <p(A) n <p(.ß) = 0.

(3) If/is a piecewise translation,

m(f(A)) = m'(<p(f(A))) = 7«'(/'(<p(^))) = ™'(<p(A)) = m(^),

where/' = <pfip~x is a piecewise translation of y(A) G G.    □

Theorem 5.5. If <p: G ^> G' is a piecewise isomorphism and G contains a

2-into-l (resp., large 2-into-l), then G' contains a 2-into-l (resp., large 2-

into-l).

Proof. Suppose fx(A) u f2(A) c A and fx(A) n f2(A) = 0, where/, and/2

are piecewise translations. Then/,' = <pfx<p~x and/2 = <pf2<p~x are piecewise

translations, and

AMA)) u f2(<p(A)) G <pA    and   /,'(<p04)) n f2i<PÍA)) = 0

If A is large, then G c U "= i g¡(A), where the g, are piecewise translations.

Then G' c U "=, g'¡(<p(A)) and the g¡ = <pg¡<p~x are piecewise translations.

Thus <p(A) is large in G'.    □

Theorem 5.6. If<p: G —» G' ano" ̂ /: // —» //' are piecewise isomorphisms, then

so is <p X ip: G X // -» G' X H' defined by

<p x 4>ig-h) = <p(g)4,(h)

for every gh E G X H, with g E G, h E H.

Proof. If /: 5-»/(5) is a piecewise translation on G X H, then 5 =

U "_, A¡ and/(5) = U "=, a,A,. Each a¡ = /3,e, where /?,. E G and e,. E H.

Then let/': <p X ^(5) -xpX ¡KfiS)) he defined by

/'(*)- <p x x¡,-f-(<px4,yx(x)

for every x £ 5' = <p x ^(5). If (a, b) = (<p X ^)"'(^) £ G X //, then

/'(*) = <p X ^ -/(a, A) = rp X ^(yS,a, e,A) = <p (/VM«**)-

The 1-to-l function/'(x) is a piecewise translation on 5' c G' X //' if and

only if the set of translates {f'(x) ■ x~x: x E 5'} is finite. This is just the set



A NEW CHARACTERIZATION OF AMENABLE GROUPS 375

{<p(/3,.a)^(e,A).[<p X ^(aA)]"1: ab ES)

= {<p(/5,«)[<p(«)]"V(e,*)[^)]"1:^e5).

Let

*G(A,)- {a E G: (a, b) E At)

and

w„(A,)- {bEH:(a,b)EAi}.

Define a translation/ on 7rG(y4,) by/(a) = ß,a; and a translation A, on trH(A¡)

by  hi(b) = eib.  Then  both   (<p/(a) • [<p(a)]-':   a S *r6L4,)}   and   {#,(A) •

[>KA)]_1:  A E 77//(.4,)}  are finite or, equivalently,  {<p(/?,a) • [<p(a)]_1: a£

7rG04,)} and {tKe,A) ' ['/'(A)]-1: A E 77^(^4,)} are finite for i = 1,2, ... ,n.

Then
n

U {«p(Aa)-[«p(a)]"':a E wg(A,)) = {<p(/?,a) • [(pía)]"1: a E 7rc(5)}
i= i

and

n

U {^(^.[^(A)]-1: A E „„(A;)} = {^)-[^)]"':¿e %(S)}
i = i

are finite. Thus

|{m(y8,.a)[(p(a)]-V(e,.A)[^(A)]-1: aA £ 5 }|

<|{<p(/3,a)[<p(a)]-1:a£Wc(5)}|

•|{^(e,.A).[^(A)]-1:AEff//(5)}|<oo.

Thus/' is a piecewise translation of <p X 1^(5) to <p X ip(fS) in G' X //'.

Since it is clear that <p x \p is 1-to-l and onto, it follows that <p X \p is a

piecewise isomorphism.   □

Corollary 5.6'. If (p is a piecewise isomorphism from G to G' and h is any

l-to-l function from the finite group A onto the finite group B, then <pA:

G X A -» G X B defined by <ph(ga) = <pg ■ ha is a piecewise isomorphism.

Proof. Since on a finite group any 1-to-l function is a piecewise transla-

tion, it follows that any 1-to-l function from one finite group onto another

finite group is a piecewise isomorphism. Then this is just a special case of

Theorem 5.6.    □

Corollary 5.7. If <p: G —* G' is a piecewise isomorphism and G contains a

(large) paradoxical set, then G' contains a (large) paradoxical set.

Proof. This is a consequence of Theorems 5.5 and 5.6 and the definitions

of paradoxical and large paradoxical sets.
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Lemma 5.8. If G is a group without large paradoxical sets, then for any

positive integer s we can define a piecewise translation invariant, finitely additive

set function m on the rational subsets of G X Cs such that if A G G is a

rational set in G, then m(A) = ¡l(A).

Proof. Since G contains no large paradoxical set, it follows that G X Cs

contains no large paradoxical set, because a large 2-into-l in G X Cs X C„

implies the existence of a large 2-into-l in G X Cs.n. This follows from

Corollary 5.6', since Cs X Cn and Cs.n are of the same order.

Then we can define a piecewise translation invariant, finitely additive set

function m* on the rational subsets of G X C,. G is a rational subset of

G X Cs, and if A is a rational subset of G, it is also a rational subset of

G X Cs. Also, m*(G) = l/s and m*(A) = (l/s)n(A). Then if we define

m(A) = s ■ m*(A), we are done.    □

Lemma 5.9. If there is anfEM such that

n m

! = 2 <x,Xa, = 2 Ax*..
1=1 1=1

with a, and jß, E R, where A¡ and B¡ are rational sets, and

n m

2 wiA,) * 2 ßABt)>i=i i=i
then there is an /' £ M such that

n m

/' = 2 a'iXA, = 2 ß/xv,
,=1 7=1

where the a,', ßj E Z, and

n m

2 «¿>(4) * 2 ßjABj)-
1=1 7=1

Proof. Let C he a Hamel basis of R over Q. Then for each a, and /?, there

is a unique function a¡(c), ßt(c) from C —» Q which equals 0 except for finitely

many c's such that

«, =  2 «,(c) • c   and   ßi =  2 ßM ■ c.
c6C c&C

Then for each x £ G we have

/(*) =2Í2 o,(c)-cW(» =2Í2 ßic)-c)XBi(x).
1 = 1 V cec 1 1 = 1 Vcec /

Let c„ c2, . . ., cs he the finitely many elements of C such that a¡(c) ¥• 0 or

ßj(c) ¥= 0 for some i. Then
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2 2 «,(9) • cj• x«,(*) " 2 2 ßACj)• cj■ xB,ix)-
1=17=1 1=17=1

From the linear independence of C it follows that

n m

2 ot¡(cj) ■ Xa,(x) = 2 ßticj) ■ Xb,Íx).
1=1 1=1

Moreover, if

n m

2 a,(cjMAt) = 2 McjMBt),
Í=\ i=1

for each 7 = 1,..., s9 then

s        n s       m

2   2 a,(cj) ■ cj ■ tfA,) =22 ßticj) ■ cj ■ fi(B,),
7 = 11 = 1 7=1 1-1

contradicting the hypothesis of the lemma.

Therefore, for some/,

n m

2 «,(c,)p04,) * 2 ßticMBt),
i=\ / = 1

while

n m

2 ai(cj)xA¡ = 2 ßiiCj)XB,>
1=1 1=1

and the a,-(ç,-) and /j,(c,) are rational. We can now multiply through by the

common denominator of the a¡(Cj) and the ß,(Cj) to get the desired relations

with integral coefficients.    □

Lemma 5.10. If G is a group with no large paradoxical sets and

n m

/ = 2 «.xi, = 2 ßiXB,
i=i i=i

is a real-valued rational function on G (A¡, B¡ are rational sets) such that

n m

2 ottHiA,) ¥* 2 ßAB,),
1=1 1=1

íAen there is a rational function

such that

/' = 2 <*IXa; = 2 ß'iXa;
í=i i=i

2 <mK) + 2 AX-V)i=i i=i
and the a, and /?, are positive integers.
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Proof. According to the preceding lemma, we may assume that the a, and

ßi are integers. Suppose a,, i = r + I, . . . , n, and /?„ i = s + 1, . . ., m, are

negative. Define

r m s n

/' = 2 «¡Xa, -  2 ßtXß, = 2 ßtxB, -  2 «,xv
í=l i=i+l 1=1 i=r+l

Then/' is a rational function with positive integer coefficients; if

r m s n

2 «,MA) -   2  ßA»t) = 2 ßAB,) -  2  «,m(A),
1=1 l = í+l 1=1 i = /-+l

then

n m

2 <*,MA) = 2 ßAB,)- n
i=i i=i

Theorem 5.11. If G is a group without large paradoxical sets and

n m

/ = 2 «iXf, = 2 BíXb,
/=i i=i

is a rational function, where A¡ and B¡ are rational sets, then

n m

2 wiA,) = 2 ßABd.i=i i=i

Proof. It follows from the preceding lemma that we may assume the a, and

ßi are positive integers. Now choose

n m

í > 2 «,+ 2 A
1=1      i=i

and define the graph off, Gr(f) G G X Cs, by

Gr(/) = {(*, r)EGXCs:0<r< f(x)}.

Then by Lemma 5.8 there is a measure m on the rational sets of G X Cs such

that m(A) = p(^4) for rational subsets A of G. We will show that

™(Gr(/)) = 2 «irt^,).
i = i

From the definition of Gr(f) it follows that we can define piecewise

translations h¡¡ for i = 1, . . . , n and/ = 1, . . ., a, such that

n a¡

Gr(f) =  U    U WA,)
1=1     7=1
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and hu(A() n h¡,j,(A¡) = 0 unless / = i' and/ = /'. Then

AGr(f)) =22 m(ht,(A,)) =22 m(A,)
,=17=1 ,=17=1

n n

= 2 oiim(Ai) = 2 olAA¡).
i=i i=i

The h¡j(A¡) are rational in G X Ç,, since the A¡ are rational in G. If we now

repeat the same argument for/ = 2™= i Ax&> we Set

m

w(Gr(/)) = 2 AMA)-
/=i

Thus

2 «,MA) = 2 AMA)-  □i=i i=i

6. Extension of the linear functional.

Definition 6.1. If /, g £ V, then/« g if
n n s

/ = 2 «,Xf,    and   g = 2 aiXh,(Ai) + 2 Ax»>
i=l 1=1 7=1

where the A,  are piecewise translations and the A are rational sets with

MA) = °-
If/,g£ V, then/- g if

/ = 2 «,X4,  and g = 2 «,xa(-»,)>
i=i i=i

where the A, are piecewise translations.

It follows from the properties of piecewise translations that there are

equivalence relations.

If/i « £i and/2 « g2, then it is clear that/, + /2 « g, + g2, and a/, « agx

for any constant a.

Similarly, if /, ~ g, and f2 ~ g2, then /, + f2 ~ g, + g2, and a/, ~ agx for

any constant a.

Let V be the collection of equivalence classes with respect to « of V.

Then V is a linear space.

Theorem 6.2. If fig £ Af and fœ g, then X(f) = X(g).

Lemma 0. If f = fx + f2, where f, /„ /2 are finite linear combinations of

characteristic functions and are positive integer-valued; and ifGr(fx), Gr(/j) aT-e

rational sets in G X Cs, then

m(Gr(f)) = m(Gr(/,)) + m(Gr(/2)).
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Proof. Since/ = /, + f2, it follows from the definition of Gr that, for some

piecewise translation H of G X Cs,

Gr(f) = Gr(/,) u H(Gr(f2))

and

Gr(/,) n //(Gr(/2)) = 0.

Then

m(Gr(/)) = m(Gr(/,)) + m(//(Gr(/2)))

and

m(Gr(/)) = 777(Gr(/,)) + 7n(Gr(/2)).    D

Lemma 1. /// = 2?., aiKtl = £?=, Ax*, and
m r

g = 2 «iXaU) = 2 Y,Xc,.
i=l i=l

where the y,, A, are positive integers and the a, are integers (not necessarily

positive), and the B¡ and C, are rational sets, then X(f) = X( g).

Proof. We proved in Theorem 5.11 that if / = 2f=, Ax»» where the A are

positive integers and the B¡ are rational sets, then

2 AMA) = mGr(f),
i = i

where

Gr(/) = {(x, r) E G X Cs: 0 < r < f(x)],

and s can be any integer greater than max{/(x) and g(x)}; and m is a finitely

additive, piecewise-translation invariant set function defined on rational

subsets of G X Cs, which is identical with p for rational subsets of G.

The existence of such a set function is proved in Lemma 5.8.

From Theorem 5.11 we also have

2 y,MC,.) = m(Gr(g)).
1=1

We will now show that m(Gr(f)) = 7?i(Gr( g)).

Define

/+ =  2 «,X4,    and   /_ =  2 (-«,X4,)>
a,>0 a,<0

g+ =   2 «iXam)   and   g_ =   2 (-«/X^(^))-
<*,>0 a,<0

Then/ = /+ - /_ and g = g+ - g_.

For each i = 1,..., m such that a, < 0, choose a rational set A\ c G with
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A¡ g A'¡. Since G is rational, such a set always exists. Then let

/'- =   2  (-«/X4,)+   2  Í-«íX(a;-a,)) =   2 Í-*¡Xa;)
a,<0 a,<0 ai<0

and let

/+=/++  2 (-«/Xm.'-a)) =   2 («,-X<,.) +   2 (-«,X04,'-.4,)).
a,<0 a,>0 a,<0

Then/ = /+ — /I, and since/and/'_ are rational functions, so is/+.

Let

g'-= g-+    2   i-OiX(A¡-A,))
a,<0

and

S'+ = g+ +  2 (-«,Xk-a))-
a,<0

Then g = g'+ - g'_, and/; — g'+ and/1. ~ g'_.

It can be shown from the definition of — that if /,, f2 are functions for

which Gr is defined and /, ~ /2, then Gr(/,) is a piecewise translation of

Gr(/2). Therefore, Gr(g'+) is a piecewise translation of Gr(/^) and Gr(g'_) is

a piecewise translation of Gr(f'_).

Thus Gr(g'+) and Gr(gl) are rational sets in G X C, since they are

piecewise translations of Gr(f'+) and Gr(/1).

Then/; = / + f'_ and g'+ = g + g'_.

By Lemma 0:

m(Gr(/;)) = m(Gr(/)) + m(Gr(/'_))

and

^(Gr(g'+)) = m(Gr(g)) + m(Gr(g'_)).

Since Gr(/^) and Gr(f'_) are piecewise translations of Gr(g'+) and

Gr(g'_),

AGr(f'+)) = m(Gr(g'+))    and   m(Gr(f'J) = 77i(Gr(g'_)).

Thus

m(Gr(f)) = m(Gr(g))    and   X(f) = X(g).    Q

Lemma 2. // / = 2»., «,X<, = 2?-, Ax«, *** ? = 27-1 «^ =
2;_, y,Xç, where the a„ A, Y, ore integers, and the B¡ and C, are rational sets,

thenX(f)'=X(g).

Proof. Let

f+ =  2 Ax*,    and   /- =  2   - ÂX*.
A>o A<o
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and

g+ =  2 YiXc    and   g~ =  2   ~ YiXc-
Y,>0 y,<0

Then/ = /+ -/" and g = g+ - g".

Thus/+,/~, g+, and g~ are rational functions, and/+ - /" ~ g+ - g~.

Then/+ + g~ — g+ + /"". These are rational functions with positive integer

coefficients, and it follows from Lemma 1 that A(/+ +g~) = A(g+ +/")•

Then, since X is linear, we have X(f+) + X(g~) = X(g+) + X(/~) and A(/+)

-A(/-) = X(g+)-X(g-)orX(/) = A(g).   D

Lemma 3. // / = 27=, «,XU, = 2?-i Ax*, a*/ g - 27=, «,X/^.) =
2y_, y,Xc, ^Aere 7Ae a„ A> Y, ö/-e rational numbers and B¡ and C, are rational

sets, then X(f) = X(g).

Proof. If D = L.C.D.(a,, A, y,)> then £>/and Dg will satisfy the hypotheses

of Lemma 2 and A(£>/) = X(Dg). Then £>A(/) = DX(g) and A(./) = A(g).   □

Lemma 4. ///,g E M and f ~ g, then X(f) = A(g).

Proof. Suppose /= 27=, oy^ = 2*_, Ax«, and g = 2*_, a,.^,, =

2;», y,Xc,> where a,, A, Y, E R and B¡ and C, are rational sets.

Let C be a Hamel basis of R over Q. Then for each a,, A, Y/ there is a

unique function a¡(c), ßt(c), y,(c) from C -» Q which equals 0 except for

finitely many c's such that

«, =   2  a¡(c) ■ c,        A =   2  ßi(c) ■ c,        y,. =   2  Y,(<0 " ft
cec tec c£C

Let c,,c2, . . ., c„ be the finitely many elements of C such that a¡(c) ^Oor

A(c) ¥= 0 or y,(c) ^ 0, for some /'.

Then

n n n

«, = 2 «.-(ft) • ft»     A - 2 A(ft) • c7>     y, = 2 Y/(ft) • 9-
7=1 7=1 7=1

Thus

and

Then

/

min \ sin \

= 2 I 2 «,(ft)• cjjxa, = 2 I 2 A(ft) • ftIxb,.

g = 2     2 a,(9)-c7 Xa,(a) =22 Yi(ft)'ft Xç-
,=I\y=l / ,=1\7_1 /

n    I   m \ n    j    s \

2   2 «,(ft)x4, K, = 22 A(ft)xn ft
7=1\,=1 / 7=1\,=1 /
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and

2    2 «í(ft)x*(¿,))ft =22 r,(cj)Xc, }ft-
7=1\i=l / 7=1\i=l /

It follows from the linear independence of C that for each/ = 1, 2, . . ., n

m s

2 «,(o)x<, = 2 A(ft)xs, (i)
i=i

and

Let

2 a,(ft)x*o<,) = 2 Y,(ft)Xc,. (2)
i=i i=i

fj = 2 «,-(ft)X4,.    and   g7 = 2 «,-(ft)x^K)-
i=i i=i

Then / ~ g, and the coefficients a¡(c), ß,(Cj), and y,(cy) are rational. Further,

equations (1) and (2) show that/ and gj are rational functions.

Thus by Lemma 3 we have A(/) = X(gj) for all/ = 1, 2, . . ., n. Then since

A is linear we have

a/ = a( 2 cjf] = 2 cjXifj) = 2 cjX(gj) = a( 2 ft* J = Ag. D

This completes the proof of Lemmas 1-4.

Now suppose that

m s

/ = 2 «,-x*, = 2 Axui=i i=i

and

m t r

g = 2 a¡Xhí(Al) + 2 m,Xß( = 2 Y,Xcv
1=1 1=1 1=1

where the a¡, A, Y„ <P, E R, the 5„ C,, /?, are rational sets and p(Z),) = 0.

Then let g' = g - 2^, <p,xA. By Lemma 4, A(g') = X(f). But

MiT') = Ag - A   2 <P,Xa    = Àg - 2 «P/^ÍA) = Ag.
\,=i        7 ,=i

Thus X( g) = A(/). This completes the proof.    □

Definition 6.3. Define the relation > on V by defining F > 0 if there

exists/ E F such that/ > 0. Then F, > F2 if Fx - F2 > 0.

Theorem 6.4. Iff > 0 ana" g < 0 andf ~ g, then f = g = 0.

If f > 0 and g < 0 ana" / « g, /Ae« / — g = 0 /or all x E G — E, where

ti(E) = 0.
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Proof. Suppose that

/ = 2 «,X< > 0   and   g = 2 «/Xak) < 0,
i=i i=i

where the a, are integers.

Then

n n

f - g = 2 «,X4, - 2 *tXh,(A,) > o.
i=i i=i

(We first prove this theorem for integer coefficients, and then extend it to

functions with rational and real coefficients.) Then / — g > 0 and / — g ~ 0.

Since/ — g > 0 and has positive integer values, we can define

Gr(f-g) = {(x, r) £ G X Cs: 0 < (/ - g)(x) < r) G G X Cs.

Since (/ — g) — 0 there exists a piecewise translation H in G X Cs such that

H(Gr(f - g)) = Gr(0) = 0. Then Gr(/ - g) = 0. This implies that/ - g =

0.

If for some x £ G, (f - g)(x) =£ 0, then (/ - g)(x) > 0 and (x, (f -

g)(x)) £ Gr(/ - g). Thus (/ - g) = 0, and since / > 0 and -g > 0, it

follows that/ = 0 = g for all x E G.

Now let us suppose that / = 2"„, a,X4, > 0 and g = 2"_, «/X/^/i,.) < 0,

where the a,'s are rational numbers. Let D = L.C.D.{a,). Then Df and Z)g

satisfy the hypothesis of the case proven above and Df = Dg = 0. It follows

that/ = g = 0.

Next suppose that /= 2"=, a¡x* > 0 and g = 2"=, «/Xt^/i,) < 0, where

a, £ R.

Choose a Hamel basis C of R over the rationals. Then each a, =

2cec a¡(c) ■ c, where a,(c) is rational. Let [cy. j = 1, . . ., m) be the finite

subset of C such that a¡(Cj) ¥= 0 for some /' = 1, 2, . . . , n. Then a, =

27"_, etj(Cj) ■ Cj, where a¡(Cj) is rational. Thus

n n       m

/ = 2 «,x<, = 22 «,(ft) • CjXa, > o
i=l     ' 1=17=1

and

n n      m

g = 2 a¡Xhi(A¡) =22 «.-(ft) • ftX/vK) < °-
1=1 1=1 7 =1

Let

fj= 2 «,(ft)X4,    and   g = 2 «ííftíX^M,)-
i=i i=i
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Then
m m

f = 2 Cjfj   and   g = 2 ft«/-
7=1 /-'

Choose m monotonie decreasing sequences of rationals ajk for / =

1,2, ... ,m such that lim^^ aJk = c¡, for each/. Also choose m monotonie

increasing sequences of rationals ßJk for/ = 1,2, ... ,m such that lim^^, ßJk

"ft-

Let

/* = 2 ajJp    gk = 2 «7*«,-
7=1 /-l

and

A = 2 A4.     & = 2 A**-
7=1 7=1

Then .4 > / > fk and gk > g > gk for every A:.

Let e, be the smallest nonzero value of/and let e2 be the absolute value of

the largest nonzero value of g. Let e = min{e„ e2}, and choose k0 such that

\akJ - Cj\ < e/mM and | ßkJ - cy\ < e/mM for all / = 1,2, ... ,m, for all

k > k0, and where M = max{/, g;:/ = 1, . . ., m}. We know that/^ >/ > 0

and gk < g < 0 are true for all &.

For sufficiently large k we have 0 < f — fk < e and 0 < g¿ — g < e.

If fix) > 0, then fix) > e and /¿(x) > 0. If /(x) = 0, then since / =

STL, c-Ä, it is a consequence of the linear independence of the Hamel basis

that/(x) = 0 for all/ = 1,2, ... ,m. But then

m

/A*) = 2 A4« = °-
7=1

Thus/* > 0 for all k > k0.

Similarly, if g(x) < 0, then g(x) < - e and gk(x) < 0. If g(x) = 0, then

gj(x) = 0 for all/ and

m

g~kix) = 2 «,*£,(*) = °-
7 = 1

Thus gk(x) < 0 for k > k0.

It is easy to see from the definitions

n n

fj'■■= 2 «/(o)**,    and   gj = 2 «í(ft)XM¿«)
i=i i=i

that/ ~ gj for each/ = 1, 2, . . . , m. It also follows from the definitions of fk,

gk,fk, and gk as linear combinations of the/ and g7 that7^ ~ gfc and/¿ -«' gk.

Since these functions are hnear combinations with rational coefficients of
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characteristic functions, the results of the preceding section of the proof apply

and it follows that^ = gk = 0 and/¿ = gk = 0. Then/ = g = 0.

This proves the first part of the theorem.

Now if

« n m

/ = 2 «,X4, > 0   and   g = 2 <*iXh(A,) + 2 AXa
i=i i=i /=i

where a,, A E R and the B¡ are rational sets with p(A) = 0» we define/' and

g' by f'(x) = fix) and g'(x) = g(x) if x E G - U 7=i Ai and /(x) = 0 and

g(x) = 0 if x £ UT-i A- Then /' > 0 and g' < 0 and /' ~ g'. Thus /' = g'

= 0, and/ = g = 0 for all x £ U ™=i A and p(U7=i A) = °-   D

It follows immediately from Theorem 6.4 that if / > 0 and g < 0 and

/«¡g, then/« 0 « g.

Lemma 6.5. 7/Ae relation > is a partial ordering of V.

Proof. (1) Reflexive. It is clear that F > F.

(2) Transitive. If Fx > F2 and F2 > F3, then Fx - F2 > 0 and F2 - F3 > 0.

Then there exist f E Fx — F2 and g E F2 — F3 such that / > 0 and g > 0.

Then / + g £ (Fx - F2) + (F2 - F3) = Fx - F3 and / + g > 0. Thus F, >

(3) Antisymmetric. If Z7, > F2 and F2> Fx, then there exist f E Fx — F2

and g E F2 — Fx such that / > 0 and g > 0. Then — g E Fx — F2 and

— g < 0. Thus /«i ( — g). Then it follows from Lemma 6.3 that /«0, and

thus F, = F2.

Definition 6.6. Let Af' = {F £ V: F n M ¥= 0). Then A/' is a linear

space. If/, G Af n F, and/2 E M n F2, then/, + /2 E M n (F, + FJ and

a/, £ A/ n aFx for any constant a. Now we define a linear functional on M'

by L(F) = AÍtO for any f E F n M. Then L is a nonnegative functional

since X is.

The next theorem, here for convenience, is adapted from Theorem 14 of

Banach [1].

Theorem 6.7. If a nonnegative linear functional Lß is defined on the linear

space Vß G V and <p E V — Vß with Fx > <p > F2, Fx and F2 E Vß, then Lß

can be extended to a nonnegative linear functional Lß+X defined on Vß+X =

(Vß, <p) such that Lß+X(F) = Lß(F) if F E Vß.

Proof. Let a = in^L^F): F E Vß and F > <jp}. Every coset in Vß+X is of

the form F + ccp. We can define Lp+X(F + ctp) = Lß(F) + ca. It is clear that

this is well-defined and linear. It remains to show that Lß+X is nonnegative.

Suppose F + c(p > 0. If c = 0, then Lß+l(F + 0 • <p) — Lß(F) > 0, since

Lß is nonnegative.
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If c > 0, then <p > - F/c and for every Fx > 0 we have F, > — F/c or

F, + F/c > 0. Thus Lß(Fx + F/c) > 0 and ca + Aj(F) > 0.

If c < 0, then F/-c - <p > 0. Thus LB(-F/c) > a or -Lß(F)/c > a,

from which follows Lß(F) + ca > 0, since c < 0.

Thus Ag.,., is a nonnegative linear functional on ^+!.    □

Theorem 6.8. FAe nonnegative linear functional L defined on M' can be

extended to a nonnegative linear functional L' defined on V such that if

FEW then L'(F) = L(F).

Proof. See Banach [1, Theorems 15 and 16].

Since every/ E V is bounded and since all constant functions are in M, we

know that for every <p E V there are FX,F2 E M such that Fx > <p > F2.

Thus we can apply the preceding theorem and transfinite induction to show

that L can be extended to a nonnegative linear functional L' onP.    □

It is now possible to define a nonnegative linear functional A' on V such

that if / E M, then X'(f) = X(f). We define X'(f) = L'(F), where/ E F.
Then A' is a translation invariant nonnegative linear functional on V, i.e., A'

satisfies the following conditions:

(1)aXxc)=1>
(2) A'(a/ + Ag) = aX'(f) + bX'(g),

(3) X'(f) > 0 if / > 0,
(4) A'(2"=1 a,XA,(/i)) = À'C-7« i «,X/f,)> if the A, are piecewise translations.

We can now easily define a Banach measure on G by defining ¡jl(A) =

X'(xA) for all A g G. Then it is obvious that p satisfies the conditions:

(l)p(G)=l,

(2) n(A u B) = ¡i(A) + n(B), if A n B = 0,
(3) (i(h(A)) = ¡i(A) if A is a piecewise translation,

(4)pL4) > 0 for all A c G.

Since the piecewise translation A in Condition 3 is a left piecewise transla-

tion, p is a left translation invariant measure and G is left amenable. It is well

known (see Day [5] and Greenleaf [6]) that if a group G is left amenable, then

G is right amenable, and that if G is left and right amenable, then G is

amenable.   □

This completes the proof of our main result.

Theorem 6.9. A group is amenable if and only if it does not contain a large

paradoxical set.

7. Comments and conjectures. The proof of Theorem 6.9 relies heavily on

the use of G X C„ that is permitted by the definition of "large paradoxical

set" as no large 2-into-l in any G X Cn. Clearly the theorem would be more

satisfying if we could alter the definition of "G contains no large paradoxical
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sets" to "G contains no large 2-into-l" and avoid mention of the direct

product G X Cn. This would also be a more natural generalization of Banach

and Tarski's paradoxical sets. To do this and still have Theorem 6.9 be true it

would be sufficient to prove the following conjecture:

Conjecture 7.1. Given a group G and a finite cyclic group C„, G contains

a large 2-into-1 if and only if G X C„ does.

To prove this, it suffices to show:

Conjecture 7.1'. If G X C2 contains a large 2-into-l, then so does G.

If it is true for C2 then it is true for any C„. The converse of Conjecture 7.1'

is obvious.

The following conjectures are of considerable interest and closely related to

this topic:

Conjecture 7.2. A group is amenable if and only if it does not contain a

noncyclic free subgroup.

Conjecture 7.3. A group contains a large 2-into-l if and only if it contains

a noncyclic free subgroup.

In each of these conjectures one direction is easy. Thus we can rewrite

them to show only the unknown direction:

Conjecture 7.2'. If a group is not amenable then it contains a noncyclic

free subgroup.

Conjecture 7.3'. If a group contains a large 2-into-l then it contains a

noncyclic free subgroup.

Since the converse of Conjecture 7.3' is not trivial we include the proof.

Theorem 7.4. // a group contains a noncyclic free group, then it contains a

large 2-into-l.

Proof. Let F = <a, A> c G. Then G = U geE Fg. Elements of F can be

written as words in a and b, w = a"*"^"3. . . b"k. Define piecewise transla-

tions \p and <p as follows: if w begins in a negative power of a, then

cpw = a~xw; otherwise <pw = aw. If w begins in a negative power of A, then

\pw = b~xw; otherwise \pw = Aw. Then <pF n ipF = 0, since every word of

<pF begins in a or a-1 and every word of </F begins in A or A-1. Then, since

G = U g£E Fg, for each x £ G we can write x = wg, where w E F, and we

can define <px and xpx for each x £ G by <px = <pwg and i//x = \pwg. Then,

since <pF G F and \¡/F c F and <pF n 4>F = 0, it is clear that <pG n ^G = 0.

Thus since <pG u $G c G, G is a large 2-into-l.    □

The conjectures 7.2' and 7.3' are closely related.

Theorem 7.5. Conjecture 7.2' implies and is implied by Conjecture 7.3'.

Proof. Suppose G is not amenable. Then by Theorem 6.9, G contains a

large paradoxical set. Thus G X Cn contains a large 2-into-1. Then according
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to Conjecture 7.3', G X Cn contains a noncyclic free subgroup. But it is easy

to see that if G X C„ contains a noncyclic free group then so does G. The

other direction is obvious.    □

To show that there is in fact a distinction between groups which contain a

paradoxical set and groups which contain a large paradoxical set, we present

an example of a group which contains no large paradoxical set but does

contain a 2-into-l. Let G be the group of isometries of the plane. Then G is

amenable. The group K of translations of the plane contains the commutator

subgroup of G. So G/ K and K are abelian and therefore amenable. Thus by

a theorem of von Neumann [3], G is amenable. It can be shown that G

contains a free semigroup on two generators. We now quote Theorem 1.7

from Sherman [9]: the group G contains a 2-into-l by translation if and only

if G contains a free semigroup on two generators.

Thus there is a set 5 c G such that aS u bS G S and aS n A5 = 0 for

some a, A E G. Since the translations a, b are also piecewise translations, 5 is

a 2-into-l.

Hence G is an amenable group which contains a 2-into-l. But from

Theorem 6.9 we know it cannot contain a large 2-into-l. Therefore G

contains a paradoxical set but no large paradoxical set.
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